[June-July an+1 + bn+l + cn+1 for all n or (5) dn = an + bn + Cn for n > 1.
Since "- preserves opposition, the elements opposite the equal dn+ 1 and 8 must be the same, and we have bn+1 = P = Cn -bn. Finally, for n > l it follows from (5) that -y = dn -Cn = an + bn > bn -an = a, and therefore it must be that the smaller of x, -y is an+, and the larger Cn+l: an+1 = bn-an and cn+l = an + bn. Thus (an+1, bn+1 Cn+1, dn+l) = (bn -an, Cn -bn, an + bn, dn -an) and we have hn+1 = Thn for n > 1 where hn = (an, bn cO) E C3 and for all n.
Computing the characteristic polynomial of T, we obtain p(x) = X3 + 2x2 -2. We saw that p has exactly one real root, %o, and 0 < A0 < 1. Denote by A1, A2 the complex roots of p; then A2 = X, and, since the constant member of p is -2, thus 2 = A0X1X2 = XOAX112, from which it follows that 1X11 = 1X21 > 1, for O < A0 < 1. Let wo, wl, w2 be the eigenvectors of T in C3 corresponding to the eigenvalues A0, Al X2, respectively; we can choose wo = (1,1 + Ao, (1 + Ao)2). Since the Ai are different, the wi are independent, and therefore there exist a, E C such that Helly's well-known theorem [3] states that if %is a finite family of convex sets in Rd 
., d). Write Gi for
the open halfspace whose boundary is the hyperplane supporting Fi and for which 0 4 Gi. Thus, Sn is exactly the complement of U 0doGi.
We claim that (nA C Sn. Suppose, to the contrary, that there exists a point c E nAn which is outside of Sn', that is, c E Gi for some i. Now the simplex spanned by the vertices c0, cl,..., ci-1, c, ci+19 .. . cd is also contained in fnA and has obviously larger volume than Sn, contradicting the definition. Hence, halfspaces. Put Pn = rnA)'. We clearly have
where Pn is a convex polytope withf(n) < d(d + 1) faces. Pn can be written in the following form Pn = {x E RdI(ani, x) < 1; i = 1,2,...,f(n)}, where anl an29 ... , anf(n) are the so-called outer normals to the faces of Pn. Observe that the set of vectors U ?n?1 { a .nl 9 ..anf(n) } is necessarily bounded, because each Pn contains a regular simplex Sn with center in the origin, satisfying which shows that P is a nonsingular convex polytope. We are going to show that the intersection of any 2d or fewer halfspaces supporting faces of P is unbounded, contradicting the consequence of Steinitz' lemma which we mentioned above. Assume indirectly that, say, k Q =n {x E Rdl(a, x> < 1)
is bounded, i.e., maxqEQIIqII < R. Consider now the sets
By condition (ii) we know that Vol Q,n ? n1, hence we can choose points qn E Qn satisfying ql 11 = R, for each sufficiently large j. Let t be the limit point of any convergent subsequence of {q,n}. Since tiI = R, we have t 4 Q, in other words, (a, ,t) > I for some i (I < i < k).
On the other hand obviously holds, and from here, taking the limit, we obtain (ai, t) < 1.
This contradiction proves the theorem for systems of halfspaces.
The rest of the proof is entirely routine. Let %= {C1, C2,..., Cm } be an arbitrary family of convex sets satisfying the requirements of the Theorem. By using Helly's theorem for the interior sets int Ci, we obtain Vol(n %') > 0. Further, we may suppose that n % is bounded, otherwise Vol(n %') = oo and our theorem holds. For every Ci consider the system 3)i of all closed halfspaces containing Ci. It is obvious that the intersection of any 2d halfspaces belonging to aX= u 1,X3' has volume at least V(d), and n(V= n W.
Let e > 0 and let U, be defined as the set of those points of R d whose distance from n %is at most e. The boundary of U, is compact and is covered by the complements of the closed halfspaces belonging to )A. It follows from the Borel covering theorem that there exists a finite covering of the boundary. This, in turn, implies that there is a finite subfamily 3A' of )'such that nrA c U_ If we apply our theorem to A', we get Vol U, >, Vol(n3 ( ') > 1. Taking into account that Elm [Vol UL -Vol(n %')] = 0, this implies Vol(n %') > 1. This completes the proof.
REMARKS. One can easily see that the condition of finiteness of %is inessential in the Theorem, and can be replaced for instance by the condition that % consists of convex closed sets at least one of which is bounded (compact). Concerning the exact value of V(d) we know only V(d) < d 9 but we conjecture V(d) < dcd with a suitable constant c. Similar results are valid for the diameter and the surface area of n W.
